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A complete analytical solution has been obtained of the elasticity problem for a plane containing period-
ically distributed, partially debonded circular inclusions, regarded as the representative unit cell model of
ﬁbrous composite with interface damage. The displacement solution is written in terms of periodic com-
plex potentials and extends the approach recently developed by Kushch et al. (2010) to the cell type mod-
els. By analytical averaging the local strain and stress ﬁelds, the exact formulas for the effective
transverse elastic moduli have been derived. A series of the test problems have been solved to check
an accuracy and numerical efﬁciency of the method. An effect of interface crack density on the effective
elastic moduli of periodic and random structure FRC with interface damage has been evaluated. The
developed approach provides a detailed analysis of the progressive debonding phenomenon including
the interface cracks cluster formation, overall stiffness reduction and damage-induced anisotropy of
the effective elastic moduli of composite.
 2011 Elsevier Ltd. All rights reserved.1. Introduction A dual effective-medium and ﬁnite-element study was carriedMechanical behavior of composite materials is signiﬁcantly af-
fected by the degree of bonding between the constituents. Interfa-
cial debonding in the form of arc crack is the predominant damage
mode of unidirectional ﬁber reinforced composite (FRC) under
transverse loading, which results in rapid loss of stiffness and
strength. From the viewpoint of damage-tolerant design of com-
posite structures, it is important to ﬁnd an optimal balance be-
tween the strength and stiffness. To achieve this goal, an effect of
interface debonding on the performance of composite needs to
be fully understood and adequately implemented in the predictive
models.
There is a body of publications on stiffness prediction for ﬁbrous
composites with interfacial debonding by means of micromechan-
ics. However, the most existing work is based on models of varying
degrees of approximation in the treatment of ﬁber interaction and
local stress and strain ﬁelds. Among them, we mention the ‘‘dilute’’
model (Ju, 1991; Lee and Simunovic, 2001) where interaction of
ﬁbers is neglected. In the ‘‘composite cylinder’’ model used by Teng
(1992) and Tandon and Pagano (1996), interaction between the
ﬁbers is taken into account in the self-consistent manner. The
Mori–Tanaka method-based model by Takahashi and Chou
(1988) assumes debonding to take place over the entire interface.ll rights reserved.out by Zheng et al. (2000) and Zhao and Weng (2002) for a single
partially debonded elliptic ﬁber. In the effective-medium approach,
the ﬁctitious perfectly bonded inclusions were used and the Mori–
Tanaka theory was applied to compute the effective moduli of
composite. To our knowledge, only a few models for the multiple
ﬁbers with imperfect interface are available in literature. Wriggers
et al. (1998) considered debonding by a contact formulation which
can handle adhesional forces up to a prescribed tensile limit on the
contact interface. In the work by Ghosh et al. (2000), interfacial
debonding is accommodated by cohesive zone model, with the
normal and tangential springs tractions expressed in terms of
interfacial separation.
In the unit cell approach (Nemat-Nasser et al., 1982; Golovchan
et al., 1993; Chen and Papathanasiou, 2004; Kushch et al., 2008;
among others), an actual FRC is modeled by the equivalent periodic
microstructure with a unit cell containing a certain number of
inclusions. This model is advantageous in that it takes into account
interactions of a whole inﬁnite array of inhomogeneities whereas
its deterministic geometry enables an accurate solution of the
model problem. In application to the above problem, only the sim-
plest models of this kind, namely, a composite containing a square
or hexagonal array of equally debonded ﬁbers, were considered. In
the elastic contact model by Shan and Chou (1995), the ﬁber–ma-
trix interface is assumed completely debonded. Yuan et al. (1997)
simulated the debonded interface by uni- and doubly-symmetric
interface cracks. In these papers, the interface bonding conditions
are ﬁxed in the problem statement. The interfacial failure option
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means of interface/interphase elements and by Caporale et al.
(2006) who modeled interfacial failure by the brittle-elastic
springs. The model by Teng (2007) contains a periodic square array
of ﬁbers, with a random subset of them assigned to be completely
debonded.
In the ﬁrst part of this work (Kushch et al., 2010), a complete
analytical solution has been derived for a ﬁnite array of interacting,
partially debonded circular inclusions. The method combines the
superposition principle with the complex potentials technique
and results in a simple and efﬁcient numerical algorithm. Here,
we extend this approach to the cell model of ﬁbrous composite
with interface cracks. The multiple ﬁber cell geometry provides
seamless joint with the adjacent cells. A complete analytical solu-
tion in displacements has been obtained in terms of the periodic
complex potentials. By analytical averaging the local strain and
stress ﬁelds, the exact expressions of the effective transverse elas-
tic moduli have been found. Several test problems have been
solved to check an accuracy and numerical efﬁciency of the meth-
od. An effect of interface crack density and clustering on macro-
scopic stiffness of FRC is estimated.2. The model problem statement
2.1. Model geometry
Following Kushch et al. (2008), we consider a quasi-random
model of unbounded ﬁbrous composite solid. The model geometry
is periodic, with a period a along the axes Ox1 and Ox2. For this
geometry, any arbitrarily placed, oriented along the Ox1 and Ox2
axes square with side length a can be taken as its representative
unit cell (RUC). It contains the centres of Np of aligned in x3-direc-
tion and circular in cross-section ﬁbers (Fig. 1): within a cell, the
ﬁbers are placed randomly but without overlapping. The ﬁbers
shown by the dashed line do not belong to the cell while occupying
a certain area within it. The whole composite bulk is obtained by
translating the cell in two orthogonal directions.
It should be clearly stated that we formulate and solve the mod-
el problem for a whole composite plane rather than for the RUC.
The RUC concept, however, is convenient for introducing the model
geometry and averaging the periodic strain and stress ﬁelds in Sec-Fig. 1. RUC model of ﬁbrous composite.tion 4 and we use it for this purpose. We deﬁne geometry of the
unit cell by its side length a and the coordinates ðX1q;X2qÞ of qth ﬁ-
ber center ðq ¼ 1;2; . . . ;NpÞ in the global Cartesian coordinate sys-
tem Ox1x2. Number Np can be taken large sufﬁciently to simulate
micro structure of an actual disordered composite. We assume
the ﬁbers equally sized, of radius R ¼ 1, and made from the same
material. The ﬁber volume content is c ¼ Npp=a2.
We introduce also the local, ﬁber-related coordinate systems
Ox1qx2q with origins in Zq and will use the complex-value variables
z ¼ x1 þ ix2; zq ¼ x1q þ ix2q; ð1Þ
representing the point x ¼ ðx1; x2ÞT in the complex planes Ox1x2 and
Ox1qx2q, respectively. The global complex variable z ¼ zq þ Zq, where
Zq ¼ X1q þ iX2q; q ¼ 1;2; . . . ;Np. The local variables zp ¼ z Zp re-
late each other by zq ¼ zp  Zpq. Here, Zpq ¼ X1pq þ iX2pq is the com-
plex number determining relative position of the ﬁbers with
indices p and q inside the cell, see Fig. 1. Also, we introduce the com-
plex number Zpq deﬁning the minimal distance between the arrays
of ﬁbers with indices p and q. Here, we do not assume that the both
ﬁbers are belonging to the same RUC, see Fig. 1. The introduced
numbers are related by Zpq
  ¼min16k1 ;k261jZpq þ ðk1 þ ik2Þaj.
In these notations, the non-overlapping condition of any two ﬁ-
bers in entire composite space is written as Zpq
  > 2R. In order to
alleviate an analysis of the model problem, the small positive
parameter known as the ‘‘minimum allowable inter-ﬁber spacing’’
dmin ¼minp;q Zpq
 =2R 1 is often introduced in the multiple ﬁber
models of FRC (e.g., Chen and Papathanasiou, 2004). In our numer-
ical study, we put dmin ¼ 0:01. The geometry shown in Fig. 1 is gen-
erated using the molecular dynamics algorithm of growing
particles (e.g., Kushch et al., 2008). This model was studied by sev-
eral investigators under assumption that the matrix and ﬁbers are
perfectly bonded along the interfaces Lq; q ¼ 1;2; . . . ;Np. We con-
sider more general case by assuming the part LðqÞc of interface Lq de-
ﬁned by the endpoints zðqÞj ¼ expðihðqÞj Þ ðj ¼ 1;2Þ (Fig. 2) separated
and the part LðqÞb ¼ Lq n LðqÞc being perfectly bonded. In order to sim-
plify the subsequent formulas, we introduce the crack-related
complex variables fq ¼ zq=zðqÞc , where zðqÞc ¼ expðihðqÞc Þ is the crack
midpoint: hðqÞc ¼ ðhðqÞ1 þ hðqÞ2 Þ=2. The interface crack size is measured
by the angle hðqÞ2  hðqÞ1 ¼ 2hðqÞd ; in the prefect bonding case, hðqÞd ¼ 0.
To the best knowledge of the authors, the multiple ﬁber RUC model
with interface cracks never been considered before.x1q
x2q
z1
( )q
z2
( )q
q
Lc
( )q
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Fig. 2. A ﬁber with interface crack.
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We consider the plane strain problem ðu3 ¼ 0Þ stated on the de-
ﬁned above geometry model. Both the matrix and ﬁber materials
are isotropic and linearly elastic. The complex displacement
u ¼ u1 þ iu2, where ui are the Cartesian components of displace-
ment vector u ¼ ðu1;u2ÞT . Speciﬁcally, u ¼ u0 in the matrix material
with a shear modulus l0 and Poisson ratio m0;uq;l1 and m1 refer to
displacement and elastic moduli, respectively, of qth ﬁber. In the
adopted by us open-crack model, the traction-free crack surface
is assumed. The relevant boundary conditions are:
½½uLðqÞ
b
¼ ½½Tr LðqÞ
b
¼ 0; Tr jLðqÞc ¼ 0; q ¼ 1;2; . . . ;Np; ð2Þ
where Tr ¼ rrr þ irrh is the complex traction at the circular interface
LðqÞ. Here, ½½f L ¼ f jLþ  f jL denotes the function f jump through the
interface L; Lþ and L being the matrix and ﬁber, respectively, sides
of interface L.
We consider the macroscopically uniform stress state of the
composite bulk, which implies constancy of the volume-averaged,
or macroscopic, strain E ¼ fEijg ¼ fheijig and stress S ¼ fSijg ¼
fhrijig tensors, where hf i ¼ A1
R
A f dA and A ¼ a2 is the cell area.
In the problem we consider, the far ﬁeld load is given by the mac-
roscopic strain tensor E. The well known fact is (Nemat-Nasser
et al., 1982; Golovchan et al., 1993; Drago and Pindera, 2007;
among others) that, under assumption of macroscopically uniform
stress, the periodic geometry results in periodicity of the relevant
physical ﬁelds. In our case, periodicity of the strain and stress ﬁelds
rijðzþ aÞ ¼ rijðzþ iaÞ ¼ rijðzÞ ð3Þ
can be alternatively regarded as the cell boundary condition provid-
ing continuity of the displacement and stress ﬁelds between the
adjacent cells.
The components of the stress tensor rij in (3) are given by
rij
2l
¼ eij þ dij ð3 ,Þ2ð, 1Þ h; h ¼ e11 þ e22; ð4Þ
where eij are the components of the strain tensor and , ¼ 3 4m for
the plane strain problem we consider. The corresponding to (3) dis-
placement ﬁeld is a quasi-periodic function of coordinates (Drago
and Pindera, 2007; Kushch et al., 2008, among many others):
uðzþ aÞ  uðzÞ ¼ ðE11 þ iE12Þa; uðzþ iaÞ  uðzÞ ¼ ðE12 þ iE22Þa:
ð5Þ
Moreover, (5) can be decomposed into a sum of the linear part u1
being the far ﬁeld determined entirely by the E tensor and the peri-
odic ﬂuctuation, caused by the inhomogeneities.
3. Method of solution
The method we apply to solve the stated boundary-value prob-
lem is a direct extension of that one developed recently (Kushch
et al., 2010) to study elastic interaction of multiple partially deb-
onded ﬁbers. In what follows, we ﬁrst outline an idea of the meth-
od, with certain modiﬁcations and special attention to the
numerical procedure. Then, the method will be further developed
in order to fulﬁl the periodicity condition (5).
Following Kushch et al. (2010), we write the general displace-
ment solution in a vicinity of the partially debonded ﬁber (2) in
the form
2lj ujðfÞ ¼ ,jujðfÞ  f
1
f
 
u0jðfÞ xj
1
f
 
; ð6Þ
j ¼ 0 for matrix and j ¼ 1 for ﬁber. Representation (6) is valid for
any inhomogeneous far ﬁeld and so can be applied equally to the
single- and multiple-ﬁber problem. In (6), f is the complex planevariable, uj and xj are the complex potentials and ,j ¼ 3 4mj.
Also, the prime means a derivative with respect to the argument
and overbar means a complex conjugate. Expression (6) is advanta-
geous in that it takes a simple form at the circle L deﬁned by the
condition jzj ¼ 1. The complex interface traction Tr ¼ rrr þ irrh also
takes a simple form (in terms of the derivative complex potentials
u0ðzÞ and x0ðzÞÞ for t 2 L (Kushch et al., 2010).
The potentials ur and xr of the displacement ﬁeld u ¼ urðzÞ,
regular in a vicinity of the point z ¼ 0, can be expanded into Taylor
power series
urðzÞ ¼
X1
n¼0
anzn; xrðzÞ ¼
X1
n¼1
cnzn: ð7Þ
Provided urðtÞ is known, the series expansion coefﬁcients an and cn
are given by
,ak  dk1a1 ¼ Ik; k > 0; ck ¼ Ik; k < 0; c1 ¼ a1; ð8Þ
where Ik are the Fourier coefﬁcients
Ik ¼ 2l2p
Z 2p
0
urðtÞtk dh: ð9Þ
and dkl is the Kronecker delta. For more details, see Kushch et al.
(2010).
3.1. General solution for a single partially debonded ﬁber
Kushch et al. (2010) have suggested the following form of the
potentials uj and xj in (6) for the matrix and ﬁber area,
respectively:
u0ðfÞ ¼
ð1 aÞ
2
f ðfÞ þ ð1 bÞ
2
hðfÞRkðfÞ;
x0ðfÞ ¼  ð1 aÞ2 f ðfÞ þ
ð1þ bÞ
2
hðfÞRkðfÞ;
u1ðfÞ ¼
ð1þ aÞ
2
f ðfÞ þ ð1þ bÞ
2
hðfÞRkðfÞ;
x1ðfÞ ¼  ð1þ aÞ2 f ðfÞ þ
ð1 bÞ
2
hðfÞRkðfÞ:
ð10Þ
Here,
a ¼ l1ð,0 þ 1Þ  l0ð,1 þ 1Þ
l1ð,0 þ 1Þ þ l0ð,1 þ 1Þ
; b ¼ l1ð,0  1Þ  l0ð,1  1Þ
l1ð,0 þ 1Þ þ l0ð,1 þ 1Þ
ð11Þ
are known as the bi-material constants (Dundurs, 1969),
RkðfÞ ¼ ðf fdÞ
1
2þikðf fdÞ
1
2ik; ð12Þ
f ðfÞ and hðfÞ are the analytical functions to be found. In (12),
fd ¼ expðihdÞ and k ¼  log 1b1þb
 
=2p. The boundary conditions (2)
are fulﬁlled exactly provided the potentials uj and xj taken in the
form (10).
The solution (6) and (10) is complete and valid for the arbitrary
non-uniform far ﬁeld ur . The series expansion coefﬁcients an and cn
(7) entering the potentials ur and xr , respectively, are considered
here as input parameters. The displacement solution has the form
(6) with the potentials (10), where f ðfÞ and hðfÞ are written as Lau-
rent series:
f ðfÞ ¼
X
k
fkf
k; hðfÞ ¼
X
k
hkf
k: ð13Þ
The fk series coefﬁcients are given by the simple formulas
fk ¼ ck; k < 0; f k ¼ ak; k > 1; f 1 ¼
ReM1
M2 þM3 þ i
ImM1
M2 M3 ;
ð14Þ
for their derivation and the explicit expression of Mj, see Kushch
et al. (2010). The hk series coefﬁcients are given by the series
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X1
l¼kþ1
Xlk1ðfd;kÞal; k > 0;
hk ¼ ð1þ aÞð1þ bÞ f
2ik
d
Xk
l¼1
Xklðfd; kÞcl; k < 0;
ð15Þ
for the explicit expression of Xk, see formula (A.5) of Appendix A.
3.2. Finite array of partially debonded ﬁbers
The superposition principle (e.g., Slobodyansky, 1954; Golov-
chan et al., 1993) states that a general displacement solution of
the linear elasticity problem in the multiply connected domain
can be found as a superposition of general solutions in the simply
connected domains whose intersection gives the multiply con-
nected one. In our case, we write the total displacement ﬁeld u0
in the matrix domain as a sum of the far ﬁeld u1 and the distur-
bance ﬁelds uðpÞs caused by each individual ﬁber:
u0ðzÞ ¼ u1ðzÞ þ usðzÞ; usðzÞ ¼
XNp
p¼1
zðpÞc u
ðpÞ
s ðfpÞ: ð16Þ
In (16), fp ¼ zp=zðpÞc and the disturbance displacements are summed
up in the global coordinate system. We divide the local expansion of
u0ðzÞ in a vicinity of qth ﬁber into the regular uðqÞr and singular uðqÞs
parts:
u0ðfqÞ ¼ uðqÞr ðfqÞ þ uðqÞs ðfqÞ; ð17Þ
Here, u0ðfqÞ and uðqÞr ðfqÞ are given by (6), with the potentials (10) and
(7), respectively. The singular (disturbance) ﬁeld vanishes at inﬁn-
ity: uðqÞs ðfqÞ ! 0 for fq !1. The regular part uðqÞr ðfqÞ is a sum of
the far ﬁeld and the disturbance ﬁelds from all ﬁbers excluding that
one with p ¼ q:
zðqÞc u
ðqÞ
r ðfqÞ ¼ u1ðzÞ þ
XNp
p–q
zðpÞc u
ðpÞ
s ðfpÞ: ð18Þ
Provided the right hand side of (18) is known, the uðqÞr series expan-
sion coefﬁcients aðqÞk and c
ðqÞ
k can be found from (8) where, in view of
(18), Ik (9) are calculated by integrating along the interface Lq:
IðqÞk ¼
2l0
2pzðqÞc
Z 2p
0
u1ðzÞ þ
XNp
p–q
zðpÞc ½u0ðfpÞ  uðpÞr ðfpÞ
( )
tkq dhq;
1 < k < 1; q ¼ 1;2; . . . ;Np: ð19Þ
The Eqs. (19), (8), (14) and (15) taken together form an inﬁnite sys-
tem of linear algebraic equations, from where all the expansion
coefﬁcients are determined uniquely provided u1 is known.
3.3. Evaluating the integrals in (19)
The integrals entering (19) can be evaluated either analytically
or numerically. In what follows, u1ðzÞ is assumed to be linear func-
tion of coordinates, i.e.,
u1ðzÞ ¼ C1z C2z: ð20Þ
where C1 and C2 are the arbitrary complex constants. Its analytical
integration is elementary and yields
IðqÞk ¼
2l0
2pzðqÞc
Z 2p
0
u1ðZqþ zðqÞc tqÞtkq dhq ¼
2l0C2ðzðqÞc Þ2; k¼1;
2l0u1ðZqÞ=zðqÞc ; k¼ 0;
2l0C1; k¼ 1;
8><>:
ð21Þ
and IðqÞk  0 otherwise.Numerical integration is straightforward but not necessarily the
perfect way of evaluating the sum terms in (19). First, numerical
effort of applying this procedure is relatively high. Second, the fact
is that with Zpq (and, hence, fpÞ increase, u0ðfpÞ tends to uðpÞr ðfpÞ.
This case requires a special attention: evaluation of uðpÞs by subtrac-
tion of two close numbers is not advisable because it may lead to
substantial numerical error. To avoid this problem, we derive an
asymptotic expansion of uðpÞs using the following Laurent series
(Kushch et al., 2010):
hðfÞRkðfÞ ¼
P
n
gð1Þn f
n; jfj > 1;P
n
gð2Þn f
n; jfj < 1;
8><>: ð22Þ
derived with aid of formula (A.1) of Appendix A. In (22),
gð1Þn ¼
X1
m¼0
Rmðfd; kÞhnþm1; gð2Þn ¼ ðfdÞ2ik
X1
m¼0
Rmðfd;kÞhnm;
ð23Þ
where the coefﬁcients Rm are given by (A.2). In fact, it sufﬁces to de-
rive the asymptotic expansion of the singular potentials
uðpÞs ¼ u0 uðpÞr and xðpÞs ¼ x0 xðpÞr . By combining the formulas
(10),(22) (7) and (14), one ﬁnds
uðpÞs ðfpÞ ¼
ð1 aÞ
2
f ðfpÞ þ
ð1 bÞ
2
hðfpÞRkðfpÞ 
X1
n¼0
aðpÞn f
n
p ¼
X1
n¼1
aðpÞnf
n
p ;
ð24Þ
where
aðpÞn ¼
ð1 aÞ
2
f ðpÞn þ
ð1 bÞ
2
gð1ÞðpÞn ; n ¼ 1;2; . . . : ð25Þ
Analogously,
xðpÞs ðfpÞ ¼
X1
n¼1
cðpÞn f
n
p; ð26Þ
where
cðpÞn ¼ 
ð1 aÞ
2
f ðpÞn þ
ð1þ bÞ
2
gð2ÞðpÞn  dn1aðpÞ1 ; n ¼ 1;2; . . . : ð27Þ
In these notations, uðpÞs takes the same form as in the case of per-
fectly bonded ﬁbers, i.e.
2l0u
ðpÞ
s ðfpÞ ¼
X1
n¼1
,0aðpÞn f
n
p þ fp  fp1
 
aðpÞnfp
ðnþ1Þ  cðpÞn fpn
h i
:
ð28Þ
The expression (28) is appropriate for IðqÞk evaluation provided Zpq
 
is sufﬁciently large. Moreover, in this case the required integration
can be done analytically, with aid of the formula
fnp ¼
X
k
gpqnk f
k
q; jfqj < jZpqj; ð29Þ
equivalent to Eq. (A.3) in Kushch et al. (2008). In (29),
gpqnk ¼ ð1Þk
ðnþ k 1Þ!
ðn 1Þ!k! z
ðpÞ
c
 n
zðqÞc
 k
ZðnþkÞpq ð30Þ
for kP 0 and equal to zero otherwise. After some algebra, we get
the explicit expression of IðqÞk (19):
IðqÞk ¼ 2l0C1dk1  2l0C2 zðqÞc
 2
dk;1 þ
XNp
p–q
zðpÞc
zðqÞc

X1
n¼1
,0Apqnka
ðpÞ
n þ nðBpqnk þ CpqnkÞaðpÞn þ DpqnkcðpÞn
n o
; ð31Þ
where
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gpqnk; k > 0;
0; otherwise;
	
ð32Þ
Bpqnk ¼
ð1Þkþ1 ðnkþ2Þ!ðnþ1Þ!ð1kÞ! zðpÞc
 nþ2
zðqÞc
 k
Zðnkþ2Þpq ; k 6 1;
0; otherwise;
8<:
ð33Þ
Cpqnk ¼
ð1Þk ðnkÞ!ðn1Þ!ðkÞ! zðpÞc
 nþ2
zðqÞc
 k
Zpq
 2Zðnkþ2Þpq ; k < 0;
0; otherwise;
8<:
ð34Þ
Dpqnk ¼
gpqn;k; k < 0;
0; otherwise:
(
ð35Þ
Theoretically, the obtained formulas are valid for any two non-
touching ﬁbers with indices p and q. However, for the closely placed
ﬁbers ðjZpqj  2RÞ the series (28) and (29) converge rather slow: in
this case, direct numerical integration is preferable. As our numer-
ical study shows, the following empirical rule provides the reason-
able compromise between computational effort and accuracy: for
jZpqj 6 2:5R, the integrals (19) are evaluated numerically whereas
for jZpqj > 2:5R the explicit analytical formula (31) is applied.
3.4. RUC model of ﬁbrous composite with interface cracks
Now, we consider the model problem for a ﬁbrous composite
stated in the Section 2.2, with the uniform macroscopic strain E
considered as a governing parameter. In order to satisfy the period-
icity conditions (5) (and, hence, (3), we write a general displace-
ment in the matrix domain as a sum of linear mean ﬁeld u1 and
periodic disturbance ﬁeld us . Speciﬁcally, we take it in the form
u0ðzÞ ¼ u1ðzÞ þ us ðzÞ; us ðzÞ ¼
XNp
p¼1
zðpÞc u
ðpÞ
s ðfpÞ ð36Þ
similar to (16), where the single ﬁber disturbance terms usp are re-
placed with their periodic counterparts given by the sums over all
the square lattice nodes k ¼ fk1; k2gð1 < k1; k2 <1Þ:
uðpÞs ðfpÞ ¼
X
k
uðpÞs
zp þWk
zðpÞc
 !
; Wk ¼ ðk1 þ ik2Þa: ð37Þ
In view of (28), uðpÞs can be expressed in terms of the periodic com-
plex (harmonic) potentials SnðzÞ and their biharmonic Sn ðzÞ
counterparts:
SnðzÞ ¼
X
k
ðzþWkÞn; Sn ðzÞ ¼
X
k
jzþWkj2ðzþWkÞðnþ2Þ ð38Þ
(Golovchan et al., 1993; Movchan et al., 1997; among others). In
particular,
uðpÞs ðfpÞ ¼
X1
n¼1
aðpÞn z
ðpÞ
c
 n
SnðzpÞ: ð39Þ
The exposed above solving procedure, with two amendments, ap-
plies to this problem. First, we require u0ðzÞ (36) to obey the period-
icity conditions (5). This condition gives us the far ﬁeld u1ðzÞ (20)
coefﬁcients C1 and C2. It has been established elsewhere (Golov-
chan et al., 1993; Movchan et al., 1997) that
SnðzÞ ¼ Snðzþ aÞ ¼ Snðzþ iaÞ  dn12pi=a;
Sn ðzÞ ¼ Sn ðzþ aÞ ¼ Sn ðzþ iaÞ;
ð40Þ
where dnm is the Kronecker delta. By substituting (36) into (5) and
taking (40) into consideration we ﬁndC1 ¼ E11 þ E222 þ ReCR; C2 ¼
E22  E11
2
þ iE12 þ CR; ð41Þ
where
CR ¼ pV
XNp
p¼1
,0aðpÞ1 z
ðpÞ
c
 2  aðpÞ1 zðpÞc 2 þ cðpÞ1
 : ð42Þ
Second, the formula (19) has to be modiﬁed in order to take into ac-
count interactions of an inﬁnite array of ﬁbers. To avoid the dis-
cussed above integration issues, we re-write it as
IðqÞk ¼
2l0
2pzðqÞc
Z 2p
0
u1ðzÞ þ
XNp
p–q
zðpÞc u
ðpÞ
s fp
 (
þ
XNp
p¼1
zðpÞc
X
k–0
uðpÞs
zp þWk
zðpÞc
 !)
tkq dhq: ð43Þ
Here, the ﬁrst sum contains contributions from the nearest neigh-
boring ﬁbers of pth and qth arrays deﬁned by Zpq, see Fig. 1 and
the relevant comments in Section 2.1. It can be integrated either
analytically or numerically, in accordance with the rule formulated
in Section 3.3. The second sum contains contributions from the ’’far’’
ﬁbers. Provided a number of ﬁbers in the cell is sufﬁciently large,
the cell size a  2R and jZq  Zpj  2R for all ﬁbers contributing
to this sum. Therefore, analytical integration is justiﬁed here and
yields
IðqÞk ¼
XNp
p¼1
zðpÞc
zðqÞc
X1
n¼1
,0Apqnk a
ðpÞ
n þ nðBpqnk þ Cpqnk ÞaðpÞn þ Dpqnk cðpÞn
n o
: ð44Þ
In (44), the coefﬁcients Apqnk ; B
pq
nk ; C
pq
nk and D
pq
nk are given by the for-
mulas from (32)–(35), respectively, with replacing the ZðnþkÞpq to
Rpqnþk and jZpqj2Zðnkþ2Þpq to Rpqnk , where
Rpqn ¼
X
k–0
ðZpq þWkÞn; Rpqn ¼
X
k–0
jZpq þWkj2
ðZpq þWkÞnþ2
ð45Þ
are the standard harmonic and biharmonic lattice sums, respec-
tively.(e.g., Movchan et al., 1997). Now, with u1ðzÞ and IðqÞk ex-
pressed in terms of aðpÞn and c
ðpÞ
n (formulas (20), (41), (42) and (44),
respectively), the problem is reduced to that one considered by
Kushch et al. (2010).
4. Effective stiffness tensor
The obtained analytical solution provides an accurate evalua-
tion of the local strain and stress ﬁelds in any point of the represen-
tative cell of composite and thus enables a comprehensive
parametric study of the stress concentrations, the stress intensity
factors and energy release rate at the interface crack tips in FRC
depending on volume fraction and arrangement of ﬁbers, loading
type and interface damage degree. On the other hand, the strain
and stress ﬁelds given by this solution can be integrated analyti-
cally to get the ﬁnite form exact expression of the macroscopic,
or effective, stiffness tensor C deﬁned by
hriji ¼ Cijklhekli: ð46Þ
Due to periodicity of the strain and stress ﬁelds, it is sufﬁcient to
perform averaging over the RUC area. In the plane strain problem
we consider, the stress ﬁeld is macroscopically homogeneous and
governed by the strain tensor E ¼ fheklig. Hence, the effective trans-
verse elastic moduli C1111;C

1122; C

2222 and C

1212 can be determined
from (46) as Cijkl ¼ hriji ¼ A1
R
A rijdA, where the stress ﬁeld corre-
sponds to the macroscopic strain Ekl ¼ 1; Ek0 l0 ¼ 0 for k0 – k and l0 – l.
To simplify the integration procedure, we write the bulk and
shear components of the strain tensor as
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@z
; e22  e11 þ 2ie12 ¼ 2 @u
@z
; ð47Þ
where u is the conjugate of u. In what follows, we will use also the
Gauss formula written in complex variables asZ
A
@u
@z
dV ¼ 1
2
Z
L
uðn1  in2ÞdL; ð48Þ
where L is the boundary of A and ðn1;n2ÞT is the outer normal to L
unit vector.
First, we integrate the bulk stress
r11 þ r22
2
¼ 2lð, 1Þ h ¼
4l
ð, 1ÞRe
@u
@z
: ð49Þ
We have
A
S11þ S22
2
¼
Z
A
r11þr22
2
dV ¼
Z
A
4l
ð,1ÞRe
@u
@z
dV
¼ 4l0ð,01Þ
Z
A
Re
@u0
@z
dV þ 4l1ð,11Þ
XNp
q¼1
Z
Aq
Re
@uq
@z
dV ; ð50Þ
where Aq ¼ pR2 is the area of qth ﬁber cross-section and
A0 ¼ a2  NppR2 is the matrix area inside the cell: A ¼
PNp
q¼0Aq. Next,
by applying the formula (48) we obtain
A
S11 þ S22
2
¼ 4l0ð,0  1Þ
Z
L0

XNp
q¼1
Z
Lq
 !
Re½u0ðn1  in2ÞdL
þ 4l1ð,1  1Þ
XNp
q¼1
Z
Lq
Re uqðn1  in2Þ
 
dL; ð51Þ
where L0 is the outer boundary of the cell. In the case Lq involves the
interface crack LðqÞc ;u0 and uq in (51) are integrated along the matrix
and ﬁber, respectively, side of the crack.
In view of (5), integration along L0 is elementary and yieldsZ
L0
Re½u0ðn1  in2ÞdL ¼ a2ðE11 þ E22Þ: ð52Þ
We recognize also that at the interface Lq, the integrands simplify to
4lj
ð,j  1ÞRe½ujðn1  in2Þ ¼ 2Re
,jujðtqÞ xjð1=tqÞ
ð,j  1Þ t
1
q
" #
: ð53Þ
In view of (53), integration along Lq is straightforward. With (10)
and (27) taken into consideration we come, after some algebra, toZ
Lq
Re
4l1uq
ð,1  1Þ 
4l0u0
ð,0  1Þ

 
n1  in2ð Þ
	 
dL ¼ 2p ð,0 þ 1Þð,0  1Þ c
ðqÞ
1 ;
ð54Þ
where cðqÞ1 is given by (27). Noteworthy, this result is consistent with
ImcðqÞ1 ¼ 0, following from (27). Now, collecting all the terms gives
us the simple exact formula:
S11 þ S22
2
¼ 2l0ðE11 þ E22Þð,0  1Þ þ
2p
a2
ð,0 þ 1Þ
ð,0  1Þ
XNp
q¼1
cðqÞ1 : ð55Þ
Averaging the shear part of stress tensor is quite analogous. It fol-
lows from (47) that
r22  r11 þ 2ir12 ¼ 2lðe22  e11 þ 2ie12Þ ¼ 2l @
u
@z
: ð56Þ
By applying the formula (48) and performing the transformations
similar to those exposed above, we get alsoS22  S11  2iS12 ¼ 2l0ðE22  E11  2iE12Þ
þ 2p
a2
ð,0 þ 1Þ
XNp
q¼1
aðqÞ1 z
ðqÞ
c
 2
; ð57Þ
where aðqÞ1 is given by (25). Together with (46), relations (55) and
(57) enable evaluation of the effective transverse elastic moduli
C1111; C

1122; C

2222 and C

1212 of unidirectional ﬁbrous composite
with interface cracks. To ﬁnd C2323 and C

1313, one has to consider
longitudinal shear in ﬁber axis direction. In mathematical sense,
this problem is equivalent to the transverse conductivity (2D La-
place) problem. In application to unidirectional ﬁbrous composite
with interface cracks, this problem has been solved recently by
Kushch (2010) and we use the formula (62) of that paper for C2323
and C1313 evaluation.
To complete this Section, we remind that our analysis is based
on the open crack model (2), adopted in the problem statement.
The load-free boundary conditions imposed on the surface of an
interface crack lead to a crack-tip oscillating singularity and local
overlapping of the surfaces in a vicinity of the crack tip (Toya,
1974). However, Chao and Laws (1992) have shown that under
uniaxial loading conditions considering the interface contact re-
sults in little difference for the transverse Young’s moduli of the
composite, see also Yuan et al. (1997). Therefore, we expect (46)
to be valid for the predominately tensile loads. The compressive
loading leads to the interface cracks closure: this case requires a
separate, contact mechanics-based consideration.
5. Numerical study
In this section,we give a few numerical examples showing (a) an
accuracy and convergence rate of the proposed inﬁnite series solu-
tion and (b) the way and extent to which the effective elastic mod-
uli of FRC are affected by the interface cracks.
The theoretical solution we found is complete and obtained in a
rigorous way. However, it involves the inﬁnite series and hence, in
order to get the exact values for the multiple ﬁber problem, one has
to solve a whole inﬁnite set of linear equations. In the practical
computations, only a ﬁnite number Nh of terms (Fourier harmon-
ics) is retained in the series (7) and (13). Hence, we get a certain
approximation (convergent with Nh !1Þ, so the numerical solu-
tion can be regarded as an asymptotically exact one because any
desirable accuracy can be achieved by the Nh proper choice. For a
given Nh, the numerical integration formula with as many as 2Nh
equally spaced integration points is appropriate for evaluating
the Fourier coefﬁcients (19).
5.1. Convergence and accuracy checking
We consider a composite with a simple square arrangement of
ﬁbers so RUC contains equally one ﬁber ðNp ¼ 1Þ with the interface
crack hd ¼ p=3 centered in the point hc ¼ p=2. In all the considered
below test cases but one shown in Fig. 3, the elastic constants of
matrix and ﬁber materials are taken after Toya (1974):
m0 ¼ 0:35; m1 ¼ 0:22 and l1=l0 ¼ 44:2=2:39. The convergence rate
of numerical solution can be estimated from Table 1, where the
normalized modulus C1111=l0 calculated from (55) and (57) is gi-
ven as a function of the volume content of ﬁbers c and the number
harmonics Nh. It is seen from the table that Nh ¼ 10 provides four-
digit of accuracy of effective moduli up to c ¼ 0:4. At the same
time, for the high-ﬁlled composite ðc ¼ 0:7; a  2:1RÞ we need as
many as 30 harmonics to get practically convergent solution. Based
on this study, the value Nh ¼ 30 is adopted for all subsequent
calculations.
There is a good practice to validate the newly developed meth-
od by comparing it with the results available in the literature. We
Table 1
Convergence test: C1111=l0.
Nh c ¼ 0:1 c ¼ 0:2 c ¼ 0:3 c ¼ 0:4 c ¼ 0:5 c ¼ 0:6 c ¼ 0:7
1 4.00923 3.71131 3.43578 3.17939 2.93939 2.94557 2.78545
3 3.93542 3.57534 3.23305 2.90193 2.58392 2.41330 2.16078
5 3.93617 3.58275 3.26039 2.96766 2.70224 2.45539 2.19056
7 3.93613 3.58241 3.25978 2.96777 2.70485 2.46278 2.19890
10 3.93613 3.58238 3.25967 2.96818 2.70913 2.46880 2.21659
15 3.93613 3.58238 3.25965 2.96811 2.70842 2.70870 2.22222
20 3.93613 3.58238 3.25965 2.96801 2.70839 2.46864 2.22167
30 3.93613 3.58238 3.25965 2.96801 2.70839 2.46863 2.22117
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has performed FE analysis of the single ﬁber cell model to study
an effect of interfacial debonding on the elastic moduli of Nic-
alon/l723 Glass ceramic matrix composite with ﬁber volume frac-
tion 40%. The Young modulus E ¼ 200 GPa and shear modulus
l ¼ 77 GPa for Nicalon ﬁber; E ¼ 88 GPa and l ¼ 36 GPa, respec-
tively, for 1723 Glass matrix. In Fig. 3, the effective shear moduli
C1313; C

2323 and C

1212 are shown as a function of the interface crack
semi-angle, hdðhc ¼ 0Þ. The dash-dotted lines represent the results
of Yuan et al. (1997) and the solid circles show C1212 predicted by
(57). The data for comparison have been taken by scanning and
digitizing the Fig. 5 of Yuan et al. (1997) paper. The open circles
show C1313 and C

2323 found by the analytical method (Kushch,
2010), analogous to that one exposed in Section 3. Practical coinci-
dence of the compared data conﬁrms correctness of the developed
theory and numerical algorithm.
To complete with the single ﬁber cell model, we give two tables
which demonstrate a combined effect of ﬁber volume content and
debonding degree on the transverse effective elastic stiffness of
FRC with a square ﬁber arrangement. Here and below, the effective
moduli of composite with interface crack ðhc ¼ p=2Þ are normal-
ized by the corresponding matrix moduli, i.e., eCijkl ¼ Cijkl=C0ijkl. Ta-
bles 2 and 3 clearly demonstrate two concurrent tendencies,
namely, the strengthening effect of ﬁbers and weakening (in x2 -
direction) effect of partially debonded interfaces. In absence of
interface crack ðhd ¼ 0Þ, as expected, eC1111 ¼ eC2222. With hd increas-
ing, an anisotropy becomes more and more prominent and already
for c ¼ 0:5 and hd ¼ p=3 we get eC1111  3eC2222.
The reported numbers can also serve as a benchmark for the
newly developed methods and numerical codes intended for
studying the elastic behavior of ﬁbrous composite with interface
damage.5.2. Stiffness reduction vs interface crack density
Now, we estimate an effect of interface crack density d ¼ Nc=Np,
Nc being a number of partially cracked ﬁbers inside the cell, on the
effective elastic moduli of composite. We consider a series of test
problems for RUC containing Np ¼ 100 ﬁbers with volume content
c ¼ 0:5, arranged (a) in a 10 10 square periodic array or (b) ran-
domly. We denote these conﬁgurations as P-RUC and R-RUC,
respectively. The far load is uniaxial strain in x2-direction. For all
interface cracks, hd ¼ p=3. A subset of Ncð< NpÞ ﬁbers with inter-
face crack was deﬁned with aid of the random number generator.Fig. 3. The effect of debonding angle: comparison with Yuan et al. (1997).Then, the model boundary-value problem (2) and (3) was solved
for a given geometry and the effective transverse elastic moduli
C1122; C

2222 and C

1212 were calculated using the formulas (55)
and (57). The normalized elastic moduli eC1122ð¼ C1122
=C01122Þ; eC2222 and eC1122 for P-RUC and R-RUC conﬁgurations are
shown in Figs. 4 and 5, respectively.
The ﬁrst two tests have been performed for periodic (P-RUC)
packing of ﬁbers. In the case 1, all the cracks are centered in the
point hc ¼ p=2. We call them the upper cracks. In the case 2, both
the upper ðhc ¼ p=2Þ and bottom ðhc ¼ p=2Þ cracks are equally
probable; again, their position (ﬁber and side) was deﬁned by the
random number generator. The similar model studied by Teng
(2007) contains a random subset of ﬁbers with entirely debonded
interfaces.The tests 3 and 4 are analogous to the cases 1 and 2,
respectively, but have been performed for the random arrange-
ment of ﬁbers (R-RUC).
All the considered models possess a certain degree of random-
ness. In order to get the statistically meaningful data, a series of
20 runs has been done for every set of input parameters. The aver-
aged results are shown in Figs. 4 (P-RUC) and 5 (R-RUC) by the so-
lid (upper cracks) and dash-dotted (upper/bottom cracks) lines. As
seen from the plots, the effective elastic moduli are substantially
affected by the interface crack density d. At the same time, speciﬁc
(upper or bottom) location of crack has a minor effect regardless of
arrangement of ﬁbers. Noteworthy, C2222ðdÞ is practically insensi-
tive to the ﬁber packing type whereas the moduli C1122ðdÞ and
C1212ðdÞ of the random structure composite are considerably higher
as compared with the periodic one. This effect is due to the fact
that the shear far load applied along the principal axes of regular
packing causes relative shifting of ﬁber rows and, hence, bulk of
the total strain is localized in the soft matrix between them.
In the above tests, position and orientation of the interface
cracks were imposed manatadory and arbitrarily, regardless of
the micro geometry of FRC. In the real composites, the peak inter-
face stress points are the most probable places of interface cracks
onset. In order to take an effect of micro-structure on the interface
damage development into account, we perform the following com-
putational experiment (in Fig. 4 and 5, it is denoted as test 5). First,
the RUC geometry – either random or periodic – is generated and
the model problem is solved under assumption that all the
ﬁbers perfectly bonded with matrix. Next, we evaluate local stress
ﬁeld and look for a point of max normal interface stress,
max16q6NpmaxLqrrrðtÞ; the effective stiffness of composite is calcu-
lated as well. Then, we modify the model geometry by adding the
interface crack centered in this point and solve the model problem
again, etc. Clearly, this is rather rough approximation, and more
sophisticated approaches (e.g., Kushch et al., 2011) using suitable
interface debonding criteria are required to get a realistic model
of multisite competitive onset and growth of ﬁbre–matrix
debonds.
We begin with the periodic (P-RUC) geometry where, in ab-
sence of debonding, all the ﬁbers are equivalent. In order to pro-
duce an initial disturbance, a single interface crack with hc ¼ p=2
is nested in the central part of cell. Our step-by-step simulation
Table 2eC1111 and eC2222 of composite as a function of the ﬁber volume content and interface crack semi-angle ðhc ¼ p=2Þ.
hd c ¼ 0:1 c ¼ 0:3 c ¼ 0:5 c ¼ 0:7eC1111 eC2222 eC1111 eC2222 eC1111 eC2222 eC1111 eC2222
0 1.1370 1.1370 1.5429 1.5429 2.2865 2.2865 4.0374 4.0374
p=12 1.1333 1.1151 1.5320 1.4245 2.2734 1.8679 4.0106 2.6732
p=6 1.1218 1.0579 1.4986 1.1783 2.2220 1.3058 3.9473 1.5366
p=4 1.1009 0.9835 1.4313 0.9398 2.0908 0.8979 3.7560 0.8862
p=3 1.0673 0.9083 1.3154 0.7522 1.8617 0.6250 3.4160 0.5136
Table 3eC1122 and eC1212 of composite as a function of the ﬁber volume content and interface crack semi-angle ðhc ¼ p=2Þ.
hd c ¼ 0:1 c ¼ 0:3 c ¼ 0:5 c ¼ 0:7eC1122 eC1212 eC1122 eC1212 eC1122 eC1212 eC1122 eC1212
0 1.1006 1.1504 1.3105 1.4964 1.5286 2.0479 2.0168 3.5895
p=12 1.0840 1.1442 1.2460 1.4730 1.4005 1.9752 1.6656 3.1119
p=6 1.0406 1.1245 1.1053 1.3986 1.1748 1.7707 1.2688 2.3522
p=4 0.9819 1.0889 0.9489 1.2672 0.9251 1.4475 0.8616 1.5827
p=3 0.9174 1.0369 0.7979 1.0844 0.6940 1.0467 0.5220 0.8574
Fig. 4. The effect of interface crack density (P-RUC geometry).
Fig. 5. The effect of interface crack density (R-RUC geometry).
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the loading direction, expands from the ﬁrst debonded ﬁber in
two sides simultaneously and greatly ampliﬁes FRC stiffness loss
in the direction of loading. For the above studied P-RUCmodel with
d ¼ 0:1, weakened by the randomly distributed interface cracks
(test 2) , eC1122 ¼ 1:38 and eC2222 ¼ 1:97. For the produced by our
computational experiment ’’clustered’’ debonding with the same
cracks density, eC1122 ¼ 1:22 and eC2222 ¼ 1:64. For d ¼ 0:2, this ef-
fect is even more pronounced: eC1122 ¼ 1:23; eC2222 ¼ 1:68 andeC1122 ¼ 1:02; eC2222 ¼ 1:26 in the case of uniform (test 2) and
chain-like distribution (test 5) of interface cracks, respectively.
The analogous simulations performed for the random (R-RUC)
geometry also show a clear tendency to form the chain-like clus-
ters, oriented predominantly across the loading direction. This
behavior agrees, at least qualitatively, with the results of numerical
analysis by Kushch et al. (2011) where the cohesive zone model of
interface was applied. The obtained from the test 5 effective mod-
uli eC1122 and eC2222 are equal to 1.50 and 1.70, respectively, for
d ¼ 0:1 and 1.23 and 1.36 for d ¼ 0:2. For comparison, the modulieC1122 and eC2222 of composite with uniformly distributed cracks
(test 4) are equal to 1.65 and 1.96 ðd ¼ 0:1Þ and 1.48 and 1.71
ðd ¼ 0:2Þ. The normalised moduli eC1122ðdÞ and eC2222ðdÞ of FRC with
the stress-induced interface cracks (test 5) are shown by the open
circles in Figs. 4 and 5 for the regular and random arrangement of
ﬁbers, respectively. The conclusion drawn from this study consists
in that clustering the interface cracks greatly reduces the effective
stiffness in the loading direction and increases the damage-in-
duced elastic anisotropy of ﬁbrous composite.6. Conclusions
A complete analytical solution has been obtained of the elastic-
ity problem for a plane containing periodically distributed sets of
partially debonded circular inclusions, regarded as the RUC model
of ﬁbrous composite with interface damage. The displacement
solution is written in terms of periodic complex potentials and ex-
tends the method recently developed by Kushch et al. (2010) for
the ﬁnite cluster model. By analytical averaging the local strain
and stress ﬁelds, the exact formulas of the effective transverse elas-
tic moduli have been derived. A series of the test problems have
been solved to check an accuracy and numerical efﬁciency of the
V.I. Kushch et al. / International Journal of Solids and Structures 48 (2011) 2413–2421 2421method. An effect of interface crack density on the effective elastic
moduli of periodic and random structure FRC with interface dam-
age has been evaluated. A simple, normal interface stress based
model of progressive debonding has been suggested. Numerical
simulation shows that the interface cracks tend to form clusters
oriented predominantly across the loading direction. In turn, clus-
tering the interface cracks leads to stiffness loss in the direction of
loading and increases the damage-induced elastic anisotropy of the
effective elastic moduli of composite.
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Appendix A. Series expansions of RkðfÞ function
The properties of the function RkðfÞ (12) are summarized in the
Appendix A of the paper by Kushch et al. (2010): here, we give the
modiﬁed formulas only. So, the RkðfÞ power series expansion is
now has the form
RkðfÞ ¼
P1
n¼0
Rnðfd; kÞf1n; jfj > 1;
f2ikd
P1
n¼0
Rnðfd;kÞfn; otherwise;
8>><>: ðA:1Þ
where
Rnðfd; kÞ ¼ ð1Þn
Xn
k¼0
HkðkÞHnkðkÞf2knd ; HkðkÞ ¼
Yk
j¼1
3
2þ ik
j
 1
 
:
ðA:2Þ
Noteworthy, the expressions (A.1) and (A.2) are equivalent to those
derived by Kushch et al. (2010) but written in the simple and easy-
to-calculate form.
The commonly used (Muskhelishvili, 1953; Milne-Thomson,
1960; Toya, 1974; among others) function
XkðfÞ ¼ ðf fdÞ
1
2þikðf fdÞ
1
2ik
relates RkðfÞ by
XkðfÞ ¼ 1=RkðfÞ ¼ RkðfÞ=ðf2  2f0fþ 1Þ; ðA:3Þ
where f0 ¼ ReðfdÞ. The XkðfÞ power series expansion has the form
XkðfÞ ¼
P1
n¼0
Xnðfd; kÞfðnþ1Þ; jfj > 1;
f2ikd
P1
n¼0
Xnðfd;kÞfn; otherwise;
8>><>: ðA:4Þ
where
Xnðfd; kÞ ¼ ð1Þn
Xn
k¼0
GkðkÞGnkðkÞf2knd ; GkðkÞ ¼
Yk
j¼1
1
2þ ik
j
 1
 
:
ðA:5Þ
Again, the expressions (A.4) and (A.5) are equivalent to the formulas
(A9) and (A10) in Kushch et al. (2010).References
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